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Abstract—We report on the theory and experiments of scanning
micromirrors with angular vertical comb-drive (AVC) actuators.
Parametric analyses of rotational vertical comb-drive actuators
using a hybrid model that combines two-dimensional finite-el-
ement solutions with analytic formulations are described. The
model is applied to both AVC and staggered vertical comb-drive
(SVC) actuators. Detailed design tradeoffs and conditions for
pull-in-free operations are discussed. Our simulation results show
that the fringe fields play an important role in the estimation
of maximum continuous rotation angles, particularly for combs
with thin fingers, and that the maximum scan angle of the AVC is
up to 60% larger than that of the SVC. Experimentally, a large
dc continuous scan angle of 28.8 (optical) has been achieved
with a moderate voltage (65 V) for a 1-mm-diameter scanning
micromirror with AVC actuators. Excellent agreement between
the experimental data and the theoretical simulations has been
obtained.

Index Terms—Angular vertical comb-drive (AVC) actuator, mi-
cromirror, silicon-on-insulator (SOI) microelectromechanical sys-
tems (MEMS), staggered vertical comb-drive (SVC) actuator.

NOMENCLATURE

Capacitance.
Capacitance of a unit cell with a moving finger
and a fixed finger.
Initial vertical offset between a moving and a
fixed fingers exceeding the finger thickness in
staggered vertical comb drives (SVCs).
Maximum allowable initial vertical offset while
avoiding pull-in in SVC.
Vertical offset between a moving and a fixed fin-
gers in a plane perpendicular to the longitudinal
direction of the fingers [see Fig. 3(a)].

PI Pull-in investigation function.
Applied voltage.
Rotation angle.
Rotation angle where a tip of a moving finger
starts to overlap a fixed finger in angular vertical
comb drives (AVCs).
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Geometric angle defined as finger thickness
over finger offset length.
Initial comb angle in an AVC.
Maximum continuous rotation angle.
Rotation angle where is maximum.
Rotation angle where pull-in occurs (or a pull-in
angle).

I. INTRODUCTION

RECENTLY, there has been increasing interest in vertical
comb-drive actuators for scanning micromirror applica-

tions due to their high force density and wide continuous scan
range. Although a variety of designs and fabrication methods
have been reported, most of them can be divided into two
categories: SVCs [1]–[8] and AVCs [9]–[14]. Unlike a lateral
comb-drive actuator, a vertical comb-drive actuator requires
a vertical offset between the moving fingers (rotor) and the
fixed fingers (stator) for out-of-plane rotation. In an SVC, the
moving fingers are offset vertically from the fixed fingers.
The SVC scanners have been fabricated using wafer bonding
[1]–[3], integration of polysilicon and bulk micromachining
[4], double-side alignment lithography on a silicon-on-insulator
(SOI) wafer [5], multistep etching [6], [7], and surface micro-
machining [8] technologies. Since the misalignment between
the moving and the fixed fingers can result in lateral instability
during actuation, fabrication methods for self-aligned SVCs
have been developed by a number of groups [3], [6], [7]. In the
AVC, the moving fingers are fabricated in the same layer as the
fixed fingers and then tilted upward by self-assembly. Since
all the fingers are patterned in a single-step etching process,
the fingers are inherently self-aligned. The authors have
demonstrated a 1-mm-diameter single-crystal silicon (SCS)
micromirror with a self-assembled AVC realized by reflow of
photoresist [9], [10]. Xie et al. employed stress-induced curling
in a multilayered metal–oxide hinge to assemble the AVC [11].
Kim et al. utilized plastic deformation to build the AVC [12].
Torsion bars were mechanically deformed while heated above
the glass transition temperature, causing a permanent plastic
deformation.

Fig. 1 shows scanning electron micrographs (SEMs) of a fab-
ricated micromirror. The inset is an enlarged view of the AVC.
All the features on the SOI, including the mirror, the AVC, and
the torsion springs, were patterned in a single photolithographic
and deep reactive ion etching (DRIE) step. After release, the
wafer was placed in deionized water (DIW) at 104 C to re-
flow the photoresist hinge. The hinge remained rigid during ac-
tuation. The detailed fabrication process can be found in [10],
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Fig. 1. SEM image of a scanning micromirror with angular vertical
comb-drive actuators (enlarged view) assembled by reflow of photoresist
hinge.

[17]. A resonant scan angle of 18 at 1.4 kHz has been ob-
tained. The photoresist hinges were later replaced by benzocy-
clobutene (BCB) for better robustness and higher process yield
[14], [17]. A surface- and bulk-micromachined AVC scanner
with initial comb angle precisely defined by polysilicon struc-
tures has also been reported by our group [13]. DC scan angle of

4 (mechanical) at 40 V and a resonant frequency of 661 Hz
were achieved.

In contrast to the common intuition that comb-drive actuators
are always stable while parallel-plate actuators suffer from
pull-in instability, both the AVC and the SVC could exhibit
pull-in phenomena if not properly designed. Pull-in can be
avoided by proper designs. Therefore, it is very important to
establish an accurate and efficient model that is suitable for
parametric analysis. Most of the models for rotational vertical
comb drives reported to date employ parallel-plate approxima-
tion to estimate the overlap capacitance between the moving
and the fixed comb fingers [4], [11]. The analytic model ignores
the fringe field and, as we will demonstrate in this paper, often
leads to inaccurate results, particularly for actuators with thin
fingers. Though more accurate results can be obtained using
commercial simulation tools with three-dimensional (3-D)
finite-element analysis, they requires extensive computation
time and are not suitable for parametric analysis. A hybrid
model that combines 3-D capacitance extraction tool (FastCap)
and polynomial fitting has been used to model translational
vertical comb drives [15]. However, it is not suitable for

parametric analysis of rotational vertical comb drives, as each
comb geometry/dimension requires a separate extraction of 3-D
capacitance. Previously, we have developed a two-dimensional
(2-D) hybrid model that combines analytical formulations
with 2-D finite-element solutions to analyze a high fill-factor
micromirror array with a hidden SVC [8]. Excellent agreement
with the measured data has been obtained.

In this paper, we apply the hybrid model for parametric anal-
ysis of both the AVC and the SVC actuators. The conditions for
pull-in-free operation are identified. The maximum continuous
rotation angles of the AVC and the SVC are calculated
using our hybrid 2-D model and compared with the simpler an-
alytical models. Our results show that the maximum continuous
rotation angles are underestimated in simple analytical models
without considering fringe fields. We also show that the max-
imum scan angle of the AVC is up to 60% larger than that of
the SVC for the same comb-finger dimensions. The simulation
results of the AVC are compared with the experimental results,
and excellent agreement has been achieved. The paper is orga-
nized as follows: first, the analytical models using parallel-plate
approximations are derived for both AVCs and SVCs. Then the
hybrid 2-D model is described in detail. Next, the maximum
continuous rotation angles are calculated as a function of the
angular (translational) offset between the moving and the fixed
combs for the AVC (SVC). Parametric analyses are performed
for the maximum scan angles of AVC and SVC. Finally, the cal-
culated scanning characteristics of the AVC are compared with
the experimental results.

II. ANALYSIS

In electrostatic actuators, the continuous actuation range is
limited by either the maximum capacitance between moving
and fixed electrodes or the pull-in phenomenon. When the
capacitance of an actuator reaches its maximum value, it cannot
move further because the force direction will be reversed.
Pull-in occurs when the rate of increase of the electrostatic
torque (or force) becomes larger than that of the mechanical
restoring torque (or force), causing the moving electrodes to
snap toward the fixed electrode. We have shown that for actu-
ators with one degree of freedom, the pull-in condition is only
related to the geometry of the electrodes and not dependent on
spring structures [16]. The pull-in angle (or displacement) can
be calculated as long as the angular (or positional) dependence
of the capacitance of the electrodes is known. It can be
obtained by solving the following equation:

PI (1)

where PI is a pull-in investigation function and is rotation
angle.

A. Simple Analytical Model

First, we describe the analytic models for both AVC and SVC.
The schematic diagrams of the AVC and the SVC are depicted
in Fig. 2. In the analytical model, the fringe capacitance is not
taken into account and the vertical offset in SVC is set
to zero. The capacitance and the PI function PI
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Fig. 2. Schematic diagrams of: (a) angular and (b) staggered vertical
comb-drive actuators.

of the AVC can be expressed by (2a)–(3b) for small (which
expressions are shown at the bottom of the page), where is
the permittivity of air, is the number of comb fingers,
and are the thickness and length of the fingers, respectively,

is the offset between the tip of fixed fingers and the rotation
axis, is the initial comb angle, and is the lateral finger
spacing. The notations are illustrated in Fig. 2 and summarized
in Table I. Equation (3b) is always positive, implying there is
no pull-in when the comb angle is between and defined
in (2a). The pull-in angle, if it exists, must lie between zero and

. By setting (3a) to zero, the pull-in angle of the AVC is found
to be

(4)

where is defined as . When is sufficiently large
compared to (i.e., ), the pull-in angle approaches
to one-third of . There is no pull-in if the value of in

TABLE I
DIMENSIONS OF FABRICATED AVC

(4) is greater than ; hence, the pull-in-free condition for AVC
is

(5)

When there exists no pull-in, the maximum continuous rotation
angle is determined by the angle at which

reaches maximum, which is exactly , and the max-
imum pull-in-free for a certain finger geometry is determined
by (5). Therefore, can be approximated by

(6)

The capacitance and PI function PI of SVC can
be simplified to the following expressions for small :

(7)

PI (8)

Since PI is always positive, there is no pull-in. We will
show later that this conclusion is not valid when we consider

if (2a)

if (2b)

if (3a)

PI

if (3b)
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(a)

(b)

Fig. 3. (a) Electric potential distribution of the unit cell of the comb for various
vertical offset between the moving and the fixed fingers (h). (b) Calculated
normalized capacitance (C (h)=C (0)) as a function of the normalized
vertical offset (h=T ) for various finger thicknesses (T ). In (a) and (b), lateral
finger spacing (G ) and finger width (W ) are 3 and 5 �m, respectively.

nonzero . The maximum continuous rotation angle of
SVC is determined as the angle at which

reaches maximum

(9)

Comparing (6) and (9), the AVC has 50% larger continuous scan
range than the SVC for the same finger geometries.

B. Hybrid Model

In this section, we present a hybrid model that combines 2-D
finite-element analyses with analytic formulations. This hybrid
model takes into account the fringe field and allows us to
calculate precisely the pull-in conditions and pull-in angles for
various geometries. Compare with the full 3-D finite-element
analysis, the hybrid model is much faster and can be used
for device design and parametric analysis. The simulation
procedure is summarized in the following.

First the 2-D capacitance of a unit cell in the cross section
of the comb is calculated for various offset between the
moving and the fixed finger [Fig. 3(a)]. The unit cell consists
of half of a moving finger and half of a fixed finger with
periodic boundary condition. We used MATLAB to calculate
the electrical potential distribution for a given bias voltage

and then find the electric charges on the electrode using
Poisson’s equation . The unit capacitance
is obtained by integrating the charges over the periphery of the
finger . Fig. 3(b) shows the normalized
unit capacitance versus the finger offset for three different

finger thicknesses. The finger offset is normalized to the
finger thickness . The effect of fringe field is evident by the
nonzero capacitance when the offset is larger than the finger
thickness i.e., . The parallel-plate approximation
is shown by the straight line. For thick fingers (25 m), the
exact capacitance follows the parallel-plate approximation
reasonably well at small offset. However, when the offset is
close to the finger thickness, the fringe fields dominate and
exact capacitance deviates from the straight line. For small
finger thickness (e.g., 1 m), the fringe field is nonnegligible
even for a small offset, and the exact solution is far from the
parallel-plate approximation.

The total capacitance as a function of rotation angle for the
AVC and the SVC are calculated by the following expression:

(10)

(11)

where and
. Once the capacitance function is found, we

can use (1) in order to determine whether pull-in phenomena
exist and in order to calculate the pull-in angle. To simplify the
calculation, the unit capacitance as a function of finger offset
is fitted analytically, and the remaining part of the calculation
can be performed analytically. It should be pointed out that the
2D finite-element calculation of the capacitance only needs to
be performed once for a given finger thickness and gap spacing.
Design variations involving different finger lengths, initial comb
angles, and vertical and longitudinal offset of comb fingers can
be obtained analytically. The model described here does not in-
clude the end effects at the finger tips. The tip effect is negligible
for finger length much larger than the gap spacing, which is true
for most practical actuators.

Fig. 4(a) shows the calculated pull-in investigation function,
PI for AVC for three different initial comb angles: ,

, and . The finger gap spacing, width, thickness,
length, and offset length are set to be 3, 5, 10, 200, and 5 m,
respectively. For small initial comb angle , PI
is always positive, indicating the AVC is stable throughout
the entire angle. The maximum continuous rotation angle is
equal to the initial comb angle for that case. For larger initial
comb angle , PI intersects tangentially with
the horizontal axis. The AVC is on the verge of pull-in. For
even larger initial comb angle , the AVC exhibits
pull-in. PI intersects with the horizontal axis twice. The
smaller intersection angle is the pull-in angle of the AVC.
The larger intersection angle is not meaningful. Similarly, the
pull-in investigation function for the SVC can also be plotted
for varying vertical offset between the moving and the fixed
combs [Fig. 4(b)]. Two similar regimes of operation can
be identified also: continuous operation for small and
bistable operation with pull-in for large .

For scanning mirror applications, we are interested in the
maximum continuous rotation angle . Fig. 4(c) plots
of the AVC and the SVC as functions of the initial comb angle
and the vertical offset, respectively. Two regimes of operation
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(a) (b)

(c) (d)

Fig. 4. (a) Calculated pull-in investigation function [PI(�)] when initial comb angle (� = 6 ) <maximum scan angle (� = 8:2 ) (thick solid line), � = �
(thin solid line), and � (10 ) > � (dotted line) of the AVC. (b) Calculated PI(�) when initial vertical offset (H = 3 �m) < maximum allowable vertical
offset without pull-in (H = 8:1 �m) (thick solid line), H = H (thin solid line), and H (12 �m) > H (dotted line) of the
SVC. (c) Calculated maximum continuous rotation angle (� ) as a function of � (AVC) or H (SVC). (d) Calculated ratio of � to maximum capacitance
angle (� ) as a function of � or H . In (a)–(d), lateral finger spacing (G ), finger width (W ), finger thickness (T ), finger length (L ), and finger offset
length (L ) are 3, 5, 10, 200, and 5 �m, respectively, and the hybrid model is used.

can be clearly identified. For small initial comb angles (left part
of the solid curve), the AVC is stable for all rotation angles. The
maximum rotation angle is equal to the initial comb angle. For
large initial comb angles (right part of the solid curve), the AVC
becomes bistable and the maximum angle is equal to the pull-in
angle. The vertical offset plays a similar role for the SVC as
the initial comb angle for AVC, as shown by the dotted curve in
Fig. 4(c). In Fig. 4(d), we plot the ratio of the maximum contin-
uous rotation angle and the maximum-capacitance angle
as functions of the initial come angle and the vertical offset for the
AVC and the SVC, respectively. In the stable regime, the ratio is
exactly one. As the actuators enter the bistable regimes, the ratio
reduced abruptly. As the initial comb angle (or the vertical offset)
increases to large values, the ratio approaches 1/3, mimicking
that of the classical parallel-plate electrostatic actuators.

For most beamsteering applications, it is desirable to design
the actuators in the pull-in-free regime. Large continuous scan
range can be obtained. In Section II-C, we will focus on the
parametric analysis of the maximum continuous scan angle in
the stable regime for both AVC and SVC. We will also compare
the performance of these two actuators for the same comb finger
dimensions.

C. Parametric Analysis of Maximum Continuous Rotation
Angles

For the pull-in-free design, the maximum continuous scan
range is equal to the maximum-capacitance angle, which

is for the AVC and for the SVC.
The for the AVC is found by gradually increasing until
(1) has a solution. Similarly, the for SVC is found by
gradually increasing until (1) equals zero. Fig. 5(a)
shows the maximum rotation angle versus the finger thickness
for the AVC (solid line) and the SVC (dotted line). The
results of both hybrid and analytical models are shown for
comparison. There are several interesting trends. First, the

increases with finger thickness for both the AVC and the
SVC. Increasing finger thickness is the most effective way
to increase the rotation angle. Second, the analytic model
underestimates . When the fringe field is not considered,
the capacitance versus angle becomes steeper than the actual
function. Mathematically, this hastens the occurrence of pull-in
and reduces . The underestimation is more pronounced at
small finger thickness, where the contribution of the fringe
capacitance is more important, as shown in Fig. 3(b). Third,
as predicted in the analytic model, the AVC has larger
than the SVC, though the ratio of the maximum angles is not
exactly 1.5. We will discuss the ratio in more detail later.

The effect of finger thickness on the onset of pull-in is
somewhat different for the AVC and the SVC. The AVC with
thicker fingers allows larger before pull-in can occur, as
shown by the solid curve in Fig. 5(a). On the other hand, the
SVC with thicker fingers permits less vertical offset between
the moving and the fixed combs to avoid pull-in. Fig. 5(b)
shows the maximum allowable vertical offset without pull-in
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Fig. 5. (a) Calculated maximum continuous rotation angle without pull-in (� ) of AVC (solid line) and SVC (dotted line) as a function of finger thickness (T )
by using the hybrid model and the analytical model (finger length (L ): 100 �m and finger offset length (L ): 5 �m). (b) Calculated maximum vertical offset
without pull-in (H ) as a function of T in SVC (L : 100 �m and L : 5 �m). (c) Calculated � as a function of L (T : 30 �m and L : 5 �m).
(d) Calculated ratio of � of AVC to that of SVC as a function of L for various T (L : 5 �m). (e) Calculated � as a function of L (T : 30 �m and L :
200 �m). In all cases, lateral finger spacing (G ) and finger width (W ) are 3 and 5 �m, respectively. The results in (b)–(e) are generated by using the hybrid
model.

versus the finger thickness. It decreases mono-
tonically from 10 m at m to 3 m at m.

The effect of finger length on is shown in Fig. 5(c). The
finger thickness and offset length are fixed at 30 and 5 m, re-
spectively. The maximum rotation angles for both the AVC and
the SVC reduce as the finger lengths increases, primarily be-
cause the geometric angle spanned by the finger thick-
ness reduces. Larger maximum angles can be achieved with
shorter fingers, at the expense of higher voltage. For all finger
lengths, the AVC has higher than the SVC. Fig. 5(d) shows
the ratio of the maximum continuous angles for the AVC and
the SVC versus the finger lengths for three
different finger thicknesses: 1, 15, and 30 m. The ratio ap-
proaches 1.6 for long finger lengths. This is larger than the ratio

predicted by the analytic model (1.5) due to the contributions
of the fringe field. The ratio reduces slightly for thicker fingers
because of less contribution of fringe capacitance. The effect of
finger offset on is shown in Fig. 5(e). It has little effect on
the SVC. On the other hand, it is important to keep the finger
offset as small as possible for the AVC to maintain large initial
capacitance.

D. Other Design Considerations for AVC

In our analysis so far, we have assumed the axis of the AVC
is aligned with the mechanical rotation axis de-

fined by torsion springs. In the most straightforward layout, the
axis of the AVC is often offset from the rotation axis, as shown
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Fig. 6. Schematic diagrams of the AVC when the axis of AVC (A ) is
offset from the mechanical rotation axis (A ) defined by the torsion bars.
(a) Top view. (b) Cross-section view.

Fig. 7. Calculated maximum continuous rotation angle (� ) as a function of
distance between AVC axis (A ) and mechanical rotation axis (A ),D
for various finger thicknesses (T ) in AVC. The hybrid model is used. (Lateral
gap spacing (G ): 3�m, finger width (W ): 5�m, finger length (L ): 200�m,
and finger offset length (L ): 60 �m).

in Fig. 6. In this case, total capacitance is calculated ac-
cording to

(12)

where and is
the distance between the two axes. Fig. 7 shows calculated max-
imum continuous rotation angle versus the offset of the AVC
axis. In the presence of offset, the maximum-capacitance angle
is no longer equal to the initial comb angle. As a result, re-
duces gradually with increasing offset. The reduction is more
pronounced for thick fingers. Therefore, it is important to min-
imize the offset of AVC axis in the design. For a unidirectional
actuator, the AVC axis can be aligned with the rotation axis
by employing an offset torsion spring, as shown in Fig. 8(a).
Bidirectional actuators with aligned AVC axes can be achieved

Fig. 8. (a) Schematic diagram of a unidirectional AVC (the AVC axis, A
is same as the mechanical rotation axis, A ). (b) Schematic diagram of a
bidirectional AVC where A is same as A .

Fig. 9. The measured (symbol) and the calculated (line, hybrid model) dc
scanning characteristics of AVC of which geometric parameters are summarized
in Table I.

by separating the two AVCs for up and down rotations, as shown
in Fig. 8(b). This, however, increases the total length and area
of the scanner.

III. EXPERIMENTAL RESULTS

Fig. 9 shows the measured and the calculated (hybrid model)
dc scanning characteristics of a fabricated AVC micromirror
with the dimensions shown in Table I [17]. The initial comb
angle (BCB hinge) was measured to be 12.4 by using the op-
tical interferometric profiler WYKO. Excellent agreement be-
tween the experimental measurement and the calculated data
was achieved. This demonstrates the effectiveness of the hybrid
model. The maximum continuous rotation angle is calculated
to be 8.8 , which is smaller than initial comb angle due to the
nonzero offset of the AVC axis (50 m). If is increased to 20 ,

can go up to 14.2 even with such an offset. Practically, the
actuator is rotated continuously up to 7.2 at 65 V, and then the
moving fingers are pulled-in in the direction [see Fig. 2(a)]
when the voltage is increased further. Pull-in in that direction
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was not considered in the calculation. Simulation of pull-in con-
sidering secondary degree of freedom can be performed by em-
ploying more complicated numerical analysis [18]. The design
can be further optimized to extend by increasing distance
between the tip and the base of the fingers, increasing , and/or
reducing . The measured resonant frequency for rotation
was 598 Hz.

IV. CONCLUSION

A hybrid model has been developed for parametric analysis
of the AVC and the SVC scanning micromirrors. The hybrid
model includes the effect of fringe field through the 2-D
finite-element calculation of the capacitance between finger
electrodes. The maximum continuous scan angles are solved
analytically. Our results show that the scan angle of the AVC
is up to 60% larger than that of the SVC for the same finger
geometries. Parametric variations for increasing the maximum
scan angles are described, including thicker and shorter fingers,
larger initial comb angles (larger offset for the SVC), and
aligning the AVC axis with the mechanical rotation axis. The
calculated results are compared with an AVC scanner fabricated
on an SOI substrate with a 1-mm-diameter mirror. Excellent
agreement between the experimental data and the hybrid 2-D
model is obtained.
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